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ABSTRACT

Harmonicmodelsarea commonclassof sinusoidaimodels
whichareof greatinterestin speeclandmusicalanalysis.In
this papemwe presenamethodfor estimatinghe parameters
of anunknavn numberof musicalnotes,eachwith an un-
known numberof harmonics We posethe estimatiorntaskin
a Bayesiarnframenork which allows for the specificatiorof
(possiblysubjective)a priori knowledgeof themodelparam-
eters. We useindicatorvariablesto representmplicitly the
modelorderandemploy a Metropolis-Hastingalgorithmto
produceapproximatemaximuma posteriori parameteesti-
mates. A novel choiceof transitionkernelsis presentedo
explore the parametespace exploiting the structureof the
posteriordistribution.

1 INTRODUCTION

Sinusoidalmodelsare popularin analysisof musicaland
speechsignalsdue to consideration®f the physical basis
and periodic natureof voiced speechand of mary musical
instrumentg5, 9, 11]. Thesignalis modelledasa seriesof

frames,with the parametersegardedconstantover the du-

rationof eachframe. We imposeharmonicconstraintsipon
the model,suchthatall frequenciesreinteger multiplesof

a fundamentalwe hopeto producea good modelfit whilst

reducingthenumberof parameterso estimatd4, 6]. We de-

scribeeachsetof relatedharmonicsasanote. Eachnotehas
a fundamentafrequeng (or pitch) wq with Hg harmonics,
andis generatedy a harmonicbasismatrix G,

Gq = [S(0x) - - S(Hqwy) C(0) - - - €(Hq)]
s(w) = [sin(wty) sin(wty). .. sin(wty) "
c(w) = [cogwiy) cogaty)...cogwin)]"

anda vectorof amplitudesbq. A frameof the signal,d (of
lengthN), is modelledasthe sumof up to Q notes,eachof
which is representedsa generalinearmodel[2, 10], with
eachnoteturnedon or off by a binaryindicatorvariableyy.
This approachmeansthat the model order selectiontaskis
implicit andis performedointly with the parameteestima-
tion, asin reversiblejump methods(e.g., see[1]), but the
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effective size of the parametespaceis fixed (by the choice
of the maximumnumberof notesQ) suchthat changesn
the numberof notesandharmonicgpresentdo notinvolve a
changeof dimensions.Theerrortermis assumed>aussian,
e~ N(0,0%ly), andthemodelbecomes

Q
d = Z Vqubq +e.
d=1

Rewriting the set of parametersof eachnote as ®g =
{wg,Hg,Yq,bq} and the whole parameterset as ®
{®1,Po,...,Dq,0}, thelikelihoodis givenby

- Hd - ZqQ=1Vququ2
202 '

p(d|®) = (2m0%)~ % exp

2 BAYESIAN FORMULATION

For the structureof thea priori distributionsof eachnotewe
write

p(qJQ) = p(wq; Hq;anbq)
= p(wq|Ya, Ha) P(Ya) P(bg|Hq) P(Hg)-

Theprior for theamplitudeparameters choserto becon-
stantfor valuesin the region |bg[i]| < B/2 (Vi =1...2H),
and zerooutsideit, in ordernot to influencethe inference
procedureThedensityin thisregionis pg(bg|Hg) = 1/B%.

The choiceof the otherpriorsis left general but we can
usea Bernoullidistribution for y; anda uniform distribution
for Hq in the absenceof other prior information. The fre-
queng prior p(wy|Yq, Hg) canbechoserto favourthe conti-
nuity of frequeng tracksbetweerframesof data.A Jefreys’
prior is usedfor the scaleparameterp (o) = Ry/0, chosen
for its uninformate nature[2] andeaseof mamginalisation.

FromBayestheoremwe obtainthe posteriordistribution

p(®[d) =



wherep(d) is treatedasa constanto give
Ro(2r02)~ 2

Q
p(ela) O[] (B )

- Hd - ZqQ=1Vququ2
202

X exp

@)

Py = p(0qlYg, Hg) P(Yq) P(Hg)-

This expressionis difficult to maximiseanalytically and
soastochastioptimisatiortechniques employed. We apply
a local Metropolis-Hastingslgorithm[3] to samplefor the
parameter®f one note whilst keepingthe othersconstant
(see[4] for a deterministicapproach.)For this we sample
fromthefull conditionalposteriodistributionsfor eachnote.
Definingtheg-th noteresidualas

Q
viGibj,

i#q

theconditionalposteriorcanbe written as

Py Ro(2m0?)~%
B—ZHq o

—|[ra— Vququ]

p(q)fho-'q)—(q)vd) U (2)

X &P l 202

It is possibleto maminalisethe amplitude parameterdyy,
which is desirabledueto the high posteriorcorrelationbe-
tweenwy andbg; anotherbenefitis thatthe size of the pa-
rameterspaceto be optimisedis reducedsignificantly We
canalsomaminaliseo, in asimilarmannetto [10], to yield®

p(wyg, Hg, Yol CD—(Q)’d) D%L‘ﬂ )
G4 Gq| 2
F(sq)
NV, ”eq [lrall® = vl ol 5
&g=—y Mg = 2ygHq

fq = Gqbq by = Gq(GGa) 'Gyre-
Here,E>q is the familiar least-squareexpressiorfor the har
monicamplitudesandfy is the projectionof theresidualr g
onto the model given by the parametergbq, o, Hq}. The
dominantterm of (3) is the expressionin the denominator
which is an enegy-fitting function — asthe enegy in the
projectionapproachethatof the residual the termtendsto

zero. Most of the othertermsare model order dependent,

and penaliseoverfitting. The useof a conditionaldistribu-
tion basedon the residualr q ratherthana joint distribution
basedon the signald hasthe advantagethat executiontime
scaledinearly with the numberof notesQ ratherthanasQ?,
andthe Gqu matricesarelessproneto ill-conditioning 2

1Thisis approximatedueto thelimits of integrationon bq anda.
2Sincethejoint G matrix would be composeaf the catenatiorof each

3 CHOICE OF TRANSITION KERNELS

A novel choiceof transitionkernelsis presentedherefor the
generationof samplesof wy, Hgq andyq from their condi-
tional distributions. Thekernelsgeneraterial parameteval-
uesfrom a proposalensity which arethenacceptedby the
M-H acceptanc&nction)onthebasisof how they affectthe
conditionalposterior

The form of (3) is a likely to be a comple« multi-modal
distribution with sharppeaks.In orderto ensurehatthe pa-
rameterspaceis exploredefficiently, we combinea number
of transitionkernels.

Thefirst exploits the natureof a harmonicseriesandpro-
posesa new value which is somemultiple of the current
value. The factoris chosenrandomly from a set of val-
uessuchthat the proposaldistribution is reversible;the set
{3,3.3,3,2,3} workswell in practice.

The secondtransitionkernel for wy is anindependence
samplerwhose proposaldistribution is independentf the
currentstate[12]. This approacthasbeenrecentlyusedfor
sinusoidaimodelswith a proposaldensitybasedon the pe-
riodogram[1], to coercethe wy samplesnto high probabil-
ity regions. We adopta similar technique but insteaduse
a harmonictransform(HT) of the residualsin the proposal
density We definea P-th orderHT, #p(X) as

Nf—1 .
Xp[k] — Z x[n] e—JZT[pkn/Nf
n=0

Z XK Xp[K]
andtheproposadistribution as
K
A(w) =cy 80— kaw) Hp(rq)

wherec =1/ 5K, Hp(x), K = |Nf/P| andAw is the fre-
queng bin spacing,sinceit canbe shavn, for wy = KAw,
that

2

Ifal|* ~ N ||GTrq||2
2

~ N%’Hq(rQ)

which hasits modesn thesamdocationsas(3). TheHT can
becalculatecefficiently from the FFT sinceXy[K] is the DFT
of x andXp[K] = X1[pK].

The third transition kernel is a perturbationstep — a
random-valk samplerwith a small variance— which en-
suresthat the Markov chainis ergodic[7, 8]. The combi-
nationof all threekernelsensurehatthe Markov chainfinds
the prominentmodesin the distribution, and otherharmon-
ically relatedmodes,whilst performingsmall stepsto find
local maxima.

Gg, andif ary harmonicof onenoteis closeto a harmonicof anothemote,

thenGTG would be ill-conditioned, producingnonsensicallyarge b esti-
mates.



The transitionkernelsfor Hq canbe much simplerthan
thosefor wq— goodresultswere obtainedfrom combining
anindependencsamplewith auniformprobabilitydistribu-
tion anda random-valk sampler Samplingfor yq is a matter
of usingthetrial valuey; = 1—y‘(§ sincetheM-H acceptance
functionthenconsiderghe posteriorfor bothstates.

It wasalsofound that octave errors(i.e., frequeng esti-
matesof half or doublethetruevalue)canbereducedy in-
cludinga M-H stepwhich proposes joint move for wy and
Hq. This steptakesadwantageof the non-uniquenessf the
harmonicrepresentatiore.g., if the fundamentafrequeny
is halved andthe numberof harmonicss doubled,thenthe
new parameterswill generatea similar or identical fq. If
amove is madewhich reducesHy andincreasesyy whilst
keepingfq almostconstantthenthis mayyield a higherpos-
terior probabilitydueto the lower modelorder®

4 OBTAINING MAP ESTIMATES

The Bayesianinferencewe wish to performon the chainof
sampless simplyto find theM AP parameteestimatesThe
outputof theMarkov chainis asequencef (dependentyam-
plesdravn from thejoint posterior The numericalvalue of
thejoint posterioffor ary setof parametevaluesin thechain
canbe calculatedrom the mamginalisationof the linear pa-
rametersaanderror standardieviation from thefull joint pos-
terior (1),

p({eor, Hy,yi}s ..., {wq, Ha, Yo} d) =
/---/p(¢|d)db1...ded0.

For mostpracticalpurposesM AP parameteestimatecan
be obtainedby histogramminghe Markov chainoutput,al-
thoughtheseareeffectively mamginalratherthanjoint param-
eterestimates.

5 RESULTS

We analysedinextractconsistingof thesuperpositiorof two
completelyindependentmonophonicmusical phrasesone
vocal andthe othera playedby a saxophoneBoth arerea-
sonablylegato (i.e., have a smoothpitch variation)andnei-
ther have sharpinitial transients.Figure 1 shows the pitch
variation over time — the x axis shows the window num-
ber (window length of 1000 sampleswith 50% overlap, at
a rate of 88.2frames/secandthey axis shavs the funda-
mentalfrequeng in Hz. Thetop plot shaws the pitch varia-
tion, obtainedby monophonicanalysis(Q = 1) of eachpart
separatelysingour algorithm,andthelower plot shovs the
resultsof thealgorithmappliedto the sumof the signals.

A simpleprior wasimposedon wy, giving a higherprob-
ability to valuescloseto the meanof the frequeng in the
previous4 frameswhichimprovedthe continuity of thefre-
gueng tracksandeliminateda few octave errors. The algo-
rithm performedwell in this example evenovertheclosely-

3This is particularlytrue if a numberof the harmonicsare of very low
amplitude.For exampleif all theoddharmonicsarelow, it suggestshereis
anoctave errorandthefrequeng shouldbedoubled.

spacedegion in frames200-250. The loss of detectionin
frames300-330is dueto the presencef anunvoicedsound
in thevocalpart?®

6 FUTURE WORK

Futurework will focus on the generalisatiorof the model
to better representreal-world’ data, eg., AR modelling
of residualsvariablewaveform startand end-points,nhar

monicity, and amplitudeand frequeng variations. Higher
level modelling, particularlyjoint estimationover a number
of frames,will alsoberequiredto producebettercontinuity
of frequeng tracks.

7 CONCLUSIONS

We have presente methodof estimatinghe parametersf
the linear combinationof an unknavn numberof harmonic
signals. The useof indicatorvariablesimplicitly represents
themodelorder andmaximuma posteriori estimatiorof the
modelparameterandindicatorvariablesis performedwith
aMetropolis-Hastingslgorithm.

A novel choiceof transitionkernelsis proposedfor the
frequengy andharmonicnumbemparametersyhichcombine
differentproposadistributionsto exploit the structureof the
posteriordistribution of a harmonicsignal,andperformdif-
ferenttypesof parametemovesto explorethewholeparam-
eterspace.

Other ernvisagedapplicationsof this methodinclude in-
terpolation,coding,enhancemerdndrestoratiorof musical
material.
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Figurel: Frequenyg tracksovertime for two superimposedonophonianusicalextracts.
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